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WELL-POSEDNESS AND SCATTERING EOR THE ZAKHAROV 
SYSTEM IN FOUR DIMENSIONS 

lOAN BEJENARU, ZIHUA GUO, SEBASTIAN HERR, KENJI NAKANISHI 


Abstract. The Cauchy problem for the Zakharov system in four dimensions 
is considered. Some new well-posedness results are obtained. For small initial 
data, global well-posedness and scattering results are proved, including the 
case of initial data in the energy space. None of these results is restricted to 
radially symmetric data. 


1. Introduction and Main Results 


Let a > 0. The Zakharov system 


iu — Au = nu, 
njo? — An = —A|up, 


with initial data 


( 1 . 1 ) 


i(0, a;) = Mo, n(0, x) = Uq, n(0, x) = ni, 


( 1 . 2 ) 


is considered as a simplified mathematical model for Langmuir waves in a plasma, 
which couples the envelope u : —)■ C of the electric field and the ion density 

n : I^i+d 

K, neglecting magnetic effects and the vector field character of the 
electric field, see [551 Chapter V] and [50] . 

The parameter a > 0 is called the ion sound speed. Formally, as a —>■ oo, (1.1) 
reduces to the focusing cubic Schrodinger equation 


iii — Au = |upu. 


(1.3) 


which is energy-critical in dimension d = 4, see for example [niEQiii] and the 
references therein concerning recent developments on global-wellposedness, blow¬ 
up and scattering for ( |1.3[ ). For rigorous results on the subsonic limit (as a —>■ oo) 
of (1.11 to ( |1.3[ ) we refer the reader to [501 1551 [55] . 

Strong solutions (m, n) of the Zakharov system preserve the mass 


/ \u\'^dx = / \uo\‘^dx, 

and the energy, with D := A, 

\D-^n^ ' 


E(u,n,ri) = / iVuf-I- 


2a2 


-I- - n\u\'^dx = E{uo, mq. Ml). 


(1.4) 


(1.5) 
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In view of (1.5), a natural space for the initial data is the energy space 
{uo,no,ni) G x x 


( 1 . 6 ) 


For initial data in the energy space, the Zakharov system is known to be globally 
well-posed if d = 1 (see [5]) and locally well-posed if d = 2,3 (see [3]). A low 
regularity local well-posedness theory has been developed in in all dimensions, 
with further extensions in [T] if d = 2, and in [5] if d = 3, see also the references 
therein for previous work. In the case of the torus well-posedness results were 
proved in [21] . 

In [23] blow-up results in finite or infinite time for initial data of negative energy 
were proved if d = 3, and if d = 2 blow-up in finite time was derived in [Hl[7|. 
Concerning the final data problem in weighted Sobolev spaces, we refer to [i7|[a[i5|. 

Recently, the asymptotic behaviour as t —>■ oo for the initial data problem was 
studied in dimension d = 3: In m, small data energy scattering in the radial 
case was obtained by using a normal form technique and the improved Strichartz 
estimates for radial functions from [15] . In [12] . a dichotomy between scattering 
and grow-up was obtained for radial solutions with energy below the ground state 
energy. In the non-radial case in dimension d = 3, scattering was obtained in [16] 
under the assumption that the initial data are small enough and have sufficient 
regularity and decay. This result was improved recently in [iniE], where scattering 
was shown for small initial data belonging to the energy space with some additional 
angular regularity. 


In the present paper, we continue the analysis of the initial value problem (1.1) 


and focus on the energy-critical dimension d = 4. In particular, we will address the 
small data global well-posedness and scattering problem in the energy space, i.e. 

(uo,no,ni) G idi(K^) x x (1.7) 

with no additional symmetry or decay assumption. 

We reduce the wave equation to first order equation as usual: Let 

N := n — iD~^h/a, (1.8) 

then n = RefV = {N + N)/2 and the Zakharov system for {u,N) reads as follows: 

Uidt - A)u = Nu/2 + Nu/2, 

\{idt + aD)N = aD\u\^. ^ ' ’ 

The Hamiltonian then becomes 

E{u,n,h) = Ez{u,N) := ( iVup-I--RefVlupdcc. (1-10) 


We will restrict ourselves to the system (1.9). Our first main result is a small data 


global well-posedness and scattering result. 

Theorem 1.1. There exists Eq = Eoict) > 0 such that for any {s,l) G satisfying 
l>0, s<4l + l, (s,Z)^(2,3), 


max(^^^—, I — 1) < s < min(/ -|- 2,2Z -I-), 

2 8 

and for any initial data {uo,Nq) G x 7d^(K^) satisfying 

||(wo, A‘o)|| //1/2(R4)x_L2(R'1) < £0, 


( 1 . 11 ) 


( 1 . 12 ) 
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there exists a unique global solution {u, N) € x H^{W^)) of (1.9| with 

some space-time integrahility. The solution map is continuous in the norms 


W y.H^^ {uo,No) HA {u,N) e x (1.13) 

Moreover, there exist {u^,N^) G x such that 

^ Hm^(||R(i) - S{t)u^\\H^ + ||iV(t) - WUm^Ww) = 0, (1.14) 

where S{t) = and Wa{t) = are the free propagators. 


In the above statement, we need the space-time integrahility to ensure the 
uniqueness. For example, for any T > 0, 

uGL\iO,Ty,Bl^J{R^)) (1.15) 

is sufficient for uniqueness on [0,T], where 3^2 is the inhomogeneous Besov space. 
See Propositions |3.1[ |5.1| and |5.2| for more detail of the space-time integrahility. 

Very recently, we learned about an independent work of Kato and Tsugawa m- 
By a different method, they prove the small data scattering for Z = s — 1/2 > 0, 
using bilinear estimates in spaces for the standard iteration. While their 

iteration scheme is more direct, our estimates are more elementary and we cover a 
wider range of (s, 1). 

Our second result is a large data local well-posedness result for the same range 
of regularity (s,Z) as above, except for the energy space x L^(IR‘*). 


Theorem 1.2. Let {s,l) G satisfy (1.11) and (s,Z) (1,0). Then, for any 

(uqjNq) G i?®(K'‘) X HyR'^), there exists T = T{uo,Nq) > 0 and a unique local 
solution {u,N) € C'([—T, T]; iJ®(IR‘*) x i/*(IR‘*)) to (|1.9|) satisfying some space-time 


integrahility ((1.15) is enough for the uniqueness). Both T > 0 and (u, N) depend 
continuously on {uo,Nq). 


In dimension d = 4, Ginibre-Tsutsumi-Velo [5] proved local well-posedness in the 
range Z < s < Z -|- 1, Z > 0, 2s > Z -|- 1, see Figure T heir method is the standard 
Picard iteration argument in the spaces. Theorem |l.2| gives further local well- 
posedness results in some new region indicated in Figure while Theorem o 
covers the same range of exponents as well as the energy space (s, Z) = (1, 0), which 
is missing from the large data result Theorem |1. 2 [ 

The proofs for Theorems |l.l| and 1.2 use the normal form technique and Strichartz 
estimates as in m and the follow-up papers [laiiniE] and related work on the 
Klein-Gordon-Zakharov system dulls]. Our argument is somewhat simpler than 
[5| and it also implies some scattering results. 

There is a qualitative difference in our proof between s < Z -|- 1 and s > Z -|- 1. 
Since the Strichartz norm of Wa{t) is worse than that of S{t), we use only the 
norm for N, while keeping the full Strichartz norm for u, for s < Z-|-1. For s > l-\-l, 
however, this strategy is prevented by the normal form of u, so we need to modify 
the Strichartz norm for u, and to use that of N. Consequently, we can not recover 


all the Strichartz norms of S{t) for u, in spite of the scattering. See Proposition 5.2 
for the precise statement. This is consistent with that [S] is restricted to s < Z -|- 1 
and implies the full range of Strichartz norm. 

The energy space (s,Z) = (1,0) is at the intersection of s = Z -|- 1 and Z = 0, 
where our multilinear estimates actually break down. More precisely, we can not 
close any Strichartz bound for the normal form of u when (s,Z) = (1,0). This is 
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Figure 1. Range of 
(s, 1) obtained in Theo¬ 
rems 11.11 and 11.21 



Figure 2. Range of 
(s, 1) obtained in [5]. 


why (1,0) is excluded from Theorem 1.2 Fortunately enough, with the help of the 


conservation law (1.10) and using the well-posedness in nearby (s, Z), we are still 


able to show global well-posedness and scattering in the energy space (s, 1) = (1, 0) 
for small data as in Theorem |1.1[ Since the limit NTS (1.3) is critical in the energy 
space it may have blow-up with bounded x norm for large data, 

which suggests that there may be essential difference between large and small data. 

At the other excluded endpoint (s, 1) = (2, 3), we can prove a strong ill-posedness 
result, both by instant exit and by non-existence. 

Theorem 1.3. There exists a radial function uq G such that for any 

e > 0, any Nq G and any Tq > 0, the system ( |1.9[ ) has no solution 

(u, N) G (^([O, To]; satisfying {u{0), N{0)) = (euo,No), the equation (1.9) 

in the distribution sense, and 


iu,N) G L2((0,To);i?\M^) x 


(1.16) 


Moreover, the unique local solution (it, N) G C{[—T, T]; x H^) given by Theorem 
1.2 satisfies N{t) ^ for all t G [—T,T] \ {0}. 


Note that ( 1.16| ) is weaker than the usual weak solutions, as it does not require 
{u{t),N{t)) G X for all t near 0. The above ill-posedness is due to the 
mismatch of regularity between u and N in the normal form for N. 

The rest of paper is organized as follows. In Section 2, we recall the normal 
form reduction from HU, and then gather multilinear estimates used in the later 
sections. They easily follow from the Littlewood-Paley decomposition, Coifman- 
Meyer bilinear estimate, Strichartz and Sobolev inequalities. Using these estimates 
and the standard contraction argument, we hrst prove the small data scattering in 
X for s < / -I- 1 in Section 3, and then the local well-posedness for large data 
in ijl/2 

X in Section 4. In Section 5, we extend these results to higher regularity 
by persistence of regularity, except for the energy space (s, 1) = (1, 0). Theorem 1.1 
for (s, Z) 7 ^ (1,0) follows from Propositions 3.1 5.1 and |5.2| Similarly, Theorem 1.2 
follows from Propositions |4.2[ |5.1| and |5.2[ In Section 6, we prove Theorem 0 in 
the energy space (s,Z) = (1,0), using the results in (s,0) for s < 1 and in (1,Z) for 
Z > 0. In Section 7, we prove the ill-posedness Theorem|1.3|at (s, Z) = (2,3). 
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2. Normal form and multilinear estimates 

In this section, we set up integral equations and basic estimates for solving the 
equation. Our analysis is based on the normal form reduction devised in m- 


2.1. Review of the normal form reduction and notation from mi. Let 

(j) = J^(j) denote the Fourier transform of (j). We use S{t) and Wa{t) to denote the 
Schrodinger and wave semigroup, respectively: 

Fix a radial, smooth, bump function ?7o : —>■ [0,1] with support in the ball 

Bs{Q), which is equal to 1 in the smaller ball 54(0). For fc S Z let Xk{0 = 

? 7 o(^/ 2 '') - 77o(^/ 2''“^) and x<kiO = and let Pk,P<k denote the corre¬ 

sponding Fourier multipliers. 

For two functions u, v and a fixed K G N, K > 5, we define the paraproduct 
type operators 


{uv)lh ■■^'^{P<k-Ku){Pkv), {uv)hl ■= {vu)lh, 
fcez 

(uv)hH ■■= X! i.PkT_u){Pk^v), 

\ki-k.z\<K-l 

fci,A;2GZ 


( 2 . 1 ) 


so that uv = (uv)lh + {uv)hl + {uv)hh- We also dehne 
{uv)aL ■= ^ {Pku){P<k-Kv), 

|fc-log 2 q|< 1, 
fcGZ 

{uv)xL ■= {PkU)iP<k-Kv), 

|fc —log2 Q:|>1, 
fcez 

so that {uv)hl = {uv)aL + {uv)xL- 

Moreover, for any * = HH, LH, HL, aL, etc., we denote the symbol (multiplier) 
of the bilinear operator (uu)* by 5*. We denote finite sums of these bilinear opera¬ 
tors in the obvious way, e.g. {uv) lh+hh = {uv) lh + {uv)hh- With these notations, 
it was shown in m that ( |1.9[ ) is equivalent -at least for smooth solutions- to the 
following integral equation. Henceforth, for simplicity, we replace the nonlinear 
term YieNu/2 with Nu as in [11] . because the complex conjugation here makes no 
essential difference for our arguments. 

u{t) =s{t)uo — s{t)n{N, u){o) + n(iv, u){t) 

— if S{t — s)il{aD\u\‘^,u){s)ds — i 

Jo 

— i / S{t — s){Nu)LH+HH+aL{s)ds, 

Jo 


S{t — s)fl{N, Nu){s)ds 


(2.3) 


{uv)La ■= {vu)aL, 


{uv)lX ■= {vu)xL, 


( 2 . 2 ) 
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and 


N{t) =Wa{t)No - Wa{t)Dn{u,u){0) + Dn{u,u){t) 

-i Wait - s)aD{uu)HH+aL+Lads 
Jo 

— if Wait — s){Dtl{Nu,u) + dCi{u, Nu))is)ds, 


(2.4) 


where il, are the bilinear Fourier multiplication operators 

/(^ - V)9iv) 

-\i\^ + - V\ + \V? 


J 


dr], 


^if,9)=J^ / 'PxL+LX-. 


afiC-v)9iv) 


rdr]. 


The equations after normal form reduction can be written as 
iidt + D^)iu — n(lV, u)) = iNu) LH+HH+aL + VtiaD\u\’^ ,u) + f2(7V, Nu), 
iidt + aD)iN — D^iu, u)) = + D^iiNu, u) + oCliu, Nu). 


(2.5) 


2.2. Function spaces and Strichartz estimates. Let s, 1 S K and 1 < p,q < oo. 

We use Bp g, ^ to denote the standard Besov space, with norms 


= IIP< 


OO 

3/||p+(^2'=^^|1P,/|| 


fe=l 


1/9 


oo 


k— — c 


1/9 


with obvious modifications if g = oo, and we simply write B^ = B^ 2 , B^ = Bp 2 - 
For the exponents s < / + 1, we use the following resolution spaces 


uGX^ := CiR; H^iR^)) n L~(K; H%R‘^)) n L^iR; BUR'^)), 
N gY^ := C(K;iJ'(M‘^))nL°°(M;H'(IR‘‘)). 


( 2 . 6 ) 


For any Banach function space Z on and any interval I CR, the restriction 

of Z onto / is denoted by Zil). For example, 


X"([0, T]) = C'([0, T]; (K^)) n ((0, T); (K^)). 


(2.7) 


We will use the following well-known Strichartz estimates for the wave and the 
Schrodinger equation in dimension d = 4. 

Lemma 2.1 (Strichartz estimates, see [18jl. For any s G K and any functions 
(fix), fit, x), we have 


Sit — s)fis)ds 

WWaiMl 

•t 

Wait - S)fis)ds 


<1 




L^LlnL^B- 


2R-5/6 < ||«/||l2 


< 


LfLlnLlB-^/^ 


\LlLl- 
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2.3. Multi-linear estimates for quadratic and cubic terms. Next, we prove 
multi-linear estimates for the nonlinear terms in (2.5) in the Besov spaces of a; G 
For t, only Holder’s inequalities will be used, which needs no explanation. In 
the following, we ignore the dependence of constants on {s,l), but distinguish by 
C{K) when it is not uniform for K. The main tools are Littlewood-Paley theory 
and certain Coifman-Meyer type bilinear Fourier multiplier estimates. Roughly 
speaking, the multipliers 11 and H act like 


n{f,g)^D-\D)-\fg)xL, m d) ^ D' 


'{D)-\fg) 


XL+LX, 


( 2 . 8 ) 


in product estimates in the Besov spaces. Hence the proof is reduced to usual 
computation of exponents as in the paraproduct. We only sketch the proof. 


Lemma 2.2 (Quadratic terms). Let K > 5. 

(1) Assume that s,l > 0. Then for any N{x) and u{x), 

\\{Nu)LH+aL\\Bl^^ < ||A^||^i||u||B|, 

(2) Assume 0 < Z -f 1 < 2s. Then for any u{x) and v(x), 

< C{K)\\u\\b-J\v\\b-, 
\\D{uv)aL+La\\H‘ < l|w||B||k||B=. 


(2.9) 


( 2 . 10 ) 


Proof. The estimates above follow directly from Bony’s paraproduct and Holder’s 
inequality. For example, 

k+2 k+2 

\\Pk{Nu)BH\\L^/^< E \\iP<3-KN){P,u)\\B.,.< ^ |liV|U. |I^7 «IIl- (2.11) 

j—k—2 j=k—2 

Then, we sum up the squares with respect to k. The other estimates follow in a 
similar manner. This argument loses the summability for HPl aX the 0 regularity 
(s = Z = 0 for (1) and s = ^ -I- 1 = 0 for (2)), but then we can simply use Holder in 
X together with the embedding C and C B'^, for 2 < p < oo. □ 


Similarly to [TH Lemma 4.4] and [121 Lemma 4.4], we will exploit in the proof of 
local well-posedness and persistence of regularity that the boundary contributions, 
as well as cubic terms, can be made small by choosing K > 5 large. 


Lemma 2.3 (Boundary terms). There exist 6j{s,l) > 0 sueh that for all K > 5, 
and for any N{x),u{x),v{x), we have the following: 


( 1 ) 

Ifl 

> 

max( 0 , s 

— 2 ) and 

(s, 0 ( 2 , 0 ), 






\\m. 


2-^^^\\N\\b4u\\h^^ 

, 01 > 0 for s < 1 + 2. 

( 2 . 12 ) 

( 2 ) 

Ifl 

< 

min( 2 s - 

■1,5+1) 

and (s, 1) ( 2 ,3), 






l|i:)H(u 

',v)\\h‘ ^ 

2-<>^^\\u\\h4v\\h^ 

, 02 > 0 for 1 < s -I- 1 . 

(2.13) 

(3) 

Ifl 

> 

min( 0 , s 

— 1 ) and 

(s, 0 ^ ( 1 , 0 ), 






wm, 

«)IIb| < 

2-^^^\\N\\B4u\\Bi 

, 03 > 0 for s < / - 1 - 1 . 

(2.14) 

(4) 

Ifl 

< 

min( 2 s - 

- 1 / 2 , s + 

3/2) and (s, 1) 7 ^ (2 

,7/2), 





II 


Va < 2-«^^[11«11 b| 
6 ^ 

IMl77» + lkl|B||k|i77=], 

(2.15) 


where 6*4 > 0 for I < s -|- 3/2. 
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Proof. Since they are all straightforward, we prove only (2.14)-(2.15), leaving (2.121- 
(2.13) to the reader. By El Lemma 3.5] and using (|2.8|) with Bernstein, we have 


\\Pt,{D)Dn{Pk,N,Pu,u)\\Li < 
<24feo(l/po-l/9o)+4fcx(lM-lM)||p^^7V||i,o||Pfc,u||i,i, 


for any k,ko,ki G Z and any p,po,pi,qQ,qi G [l,oo] satisfying 1/p = 1/po + 1/pi 
and qj < pj. The same estimate holds for the bilinear operator n. For the low 
frequency part, say if ki < ko — K, we can replace Pk^ with P<ki. The above with 
{p,Po,Pi,qo, qi) = (4,4, oo, 2,4) and the HL restriction \k — /cqI < 1 in yields 




< 


2k+is-i-i)i\p^N\\H, 


-)ki-kf s\ 


PkiU\\Bl 


ki<k-K 


(2.17) 


where k'^ := max(fc, 0), using P^gBp C Pp^oo tiie lower frequency component. 
The summation over ki < k — K is bounded by 


k<K 


2'=-^, 


k> K 


^{l-s) + {k-K) (g ^ 

k — K (s = 1). 


(2.18) 


This and \\PkN\\B‘ G lead to (2.14), with the small factor 2“®^^ for s < 1 and 
for 1 < s < Z -b 1. The conditions I > 0 and Z > s — 1 ensure uniform boundedness 
of the coefficient after the summation, respectively for s < 1 and for s > 1, while 
the endpoint (s,Z) = (1,0) is excluded due to the logarithmic growth at s = 1. 
Similarly with {p,pQ,pi,qo,qi) = (6,6, oo, 4, 2), we have 


\\Pk{Dyi}{u, v)hl\ 

^ 2 ^k'^ {l — l — s) — k/2 


d)l/6 


E 

ki<k-K 




(2.19) 


Using this and ||Pfeu||s| 
for 2 < s < Z - 3/2. 


'^ fc >0 


lead to (2.15), with the small factor for s < 2 and 

□ 


Lemma 2.4 (Cubic terms). There exist 9j{s,l) > 0 such that for all K > 5, and 
for any M(x), N(x),u{x),v{x),w{x), we have the following: 

(1) If s > 1/2, then 9i > 0 and 

\\n{D{uv),w)\\H‘ < 2-^^^[\\u\\Hy\v\\gi/2 + \\v\\Hy\u\\^ij 2 ]\\w\\^ij 2 . (2.20) 

(2) // Z > 0, -Z < s < Z -b 2, s < 2Z -b 1 oncZ (s, Z) ^ (1,0), 

mM,Nu)\\Bi^^<2-^-^\\M\\Hi\\N\\Hi\\u\\Bi, 92 >0 for s <1 + 2. (2.21) 

(3) If s > 1/2, —s < Z < s + 1, Z < 2s, and (s, Z) ^ (1, 2), 

||Pfi(ZVn,z;)||^. + ||Pii(u,iVu)|l^, < 2-<>^^\\N\\Bi\\u\\Bi\\v\\Bi, (2.22) 

where 03 > 0 for Z < s -b 1. 


Proof. For (2.20), we can use a standard product inequality for s > 1/2: 
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which easily follows using C L®, e.g. by the paraproduct calculus. Putting 

/ := uv, we obtain from (2.161 with (p,poiPi, 90 i 91 ) = (2, 2, 00 , 8/5,4) 

2ki-k+/2^ 

ki<k-K 


\PkniDf,w)\\Hs<2^/^ 


-/c+ 




1 / 2 , 


(2.24) 


which leads to (2.20) with a small factor, in the same way as in the previous lemma. 

duct inequality: 

< ||lV|iff.||M||B., (2.25) 


For (2.21) and (2.22), we can use a standard product inequality: 
cr < min(s, 1, s + 1 — 1) 


which holds for s + 1 > 0 unless s = 1 and a = 1. Putting g := Nu, we obtain from 

(2.26) 


(|2.16[) with {p,Po,Pi,qo,qi) = (4/3, 2,4, 2, 2) 


ki<k-K 

First, the low frequency part A: < 0 is bounded using Young on Z 
|iP<ofl(M, 5 )||s= <||Pfcf2(M,g)||,, ,4/3 




^ \\PkM\\i2 


T —fc + fcl 


Il^fci5ll 


HZ 


<2-^||M||^i||g||^, 


(2.27) 


E 2 

ki<k-K 

For 0 < k < K, the summation over ki is bounded by G t 

with the small factor for s < / + 2. For K < k, it is bounded by 


(j < 1 —^ 

cr > 1 ^ 2 '=("- 2 - 0 . 


(2.28) 


The case cr < 1 is fine if cr = 1 by s < 2Z +1, if cr < s +1 by Z > 0, and if ct = s + Z — 1 
by Z > 0. In the critical case s = 1 for the product inequality, we have s < 2Z + 1 
and Z > 0 by the exclusion (s, Z) ^ (1,0), so that we can choose a = I — e. The case 
(T > 1 is fine by s < Z + 2. Then the only remaining case is (s, Z) = (3,1), where we 
are forced to choose tr = 1 then we should replace (2.26) for k > K with 


||Pfcfl(M,g)||Bj^3 < 2'^^^-^-^^\\PkM\\H4P<k-Kg\\m, 


(2.29) 


(2.30) 


which is bounded using \\PkM\\B‘ £ ^1- Thus we obtain (2.21). 

Similarly, from ( 2.16| ) with (_p,Po,Pi, < 70 , 91 ) = (2,2,00,2,4), we have 

\\PkDh{g,v)HL\\H‘ + \\PkDQ{v,g)LH\\H‘ 

ki<k-K 

for which the low frequencies k < K are easily bounded using the factor 2^^, while 
for k > K the summation is bounded by 


(2.31) 


s < 1 = 

V (2k{l — s—a)(2—H{l — s) 

s = 1 = 

^ 2k(i-i-<^)[k_ K), 

s > 1 = 

^ i2k{l — l — <7) 


The case s < 1 is fine if u = s by Z < 2s, and if cr = s + Z — 1 by s > 1/2. The case 
s > 1 is fine if cr = s by Z<s + 1, and obviously if cr = Z. The critical case s = 1 is 
also fine, as none of the conditions is on the boundary thanks to (s, Z) yf (1, 2). 
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For the other HL interaction, choosing {p,po,pi,qo,qi) = (2,4,4, 2,4) we have 
\\PkDil,{g,v)LH\\Hi + \\PkD^l{v,g)HL\\Hi 

< ^ (2.32) 


ki<k-K 


which is also easy for k < K. For k > K, the summation is bounded by 

fcr<l ^ 2W-<^-s)2-K{i-<y) 

I cr > 1 ^ 


(2.33) 


The case cr < 1 is the same as the case s < 1 in (2.31). The case cr > 1 is OK by 


I < s+1. When I = s+1 > 3/2, we can choose cr = min(s, Z, s+Z —1) = s ^ I thanks 
to (s, Z) ^ (1,2). In the critical case s = 1, we can choose cr < min(s, Z, s + Z — 1) < 1 
such that Z — s — cr < 0, since Z < 2s = 2. This concludes the proof of (2.22). □ 


3. Small data scattering for s < Z + 1 

Using the multilinear estimates in the previous section, it is now easy to obtain 
global well-posedness and scattering for small initial data in x in the range 
( |1.11[ ) under s < Z + 1. In Section 5 we will show that we only need smallness in 
X for all regularities by persistence of regularity argument. Fix KT = 5. As 
in m Section 4], for fixed initial data (uq^Nq) G x we define a mapping 


{u,N) i-A {u',N') = N) by the right-hand sides of the equations (2.3)- 

( |2.4[ ). Then for small initial data (ug, Ng), we see that ^uo,No is a contraction in a 
small ball around 0 of X‘^ x YK Indeed, from the estimates in the previous section, 
we obtain 


\\u IIa' 


IlfV'l 


Y‘ 


< 

< 


luollff” + 


IliVoll 


yt I|m||x= + ||u|Ia= + 


ydlwllxo, 








(3.1) 


where we need s < Z -|- 1 in using (2.14) for fl{N,u). By the contraction mapping 
principle, we have a unique solution in a small ball in X‘^ x and the Lipschitz 
continuity of the solution map x —>■ X® x follows from the standard 
argument. 


Now we derive scattering for (it, N) in iJ® x H\ assuming (s, Z) satisfying (1.11), 
(it, N) G X^!"^ X F° with small norm and the scattering of the transformed variables, 
namely for 

4i(it, X) := (it — Q{N, It), N — dCi{u, it)) (3-2) 

there exist (u±,N±) G i?® x with small norm in x such that 

4'(u,X) - (S'(Z)it±, Wc(Z)fV±) ^ 0 in iJ® X ft' (t ^ ±oo). (3.3) 


In the current case s < Z -|- 1, the latter assumption (3.3) obviously holds in view of 
that (it, N) G X® X Y‘ and the Strichartz estimate with the global bounds on the 
nonlinear terms. 


The bilinear estimate for the normal form in Lemma |2.3| implies that the above 
transform ik is invertible for small data in x and bi-Lipschtiz. More pre¬ 
cisely, for any (it', N') G x L^, the inverse image il'~^(it', N') is the fixed points 
of the map 


(it, N) I—>■ iE'„/_jv'(m, X) := (it' -|- fl(X, It), N' + DQ.{u, u)). 


(3.4) 
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Lemma 


2.3 


1 implies that is a contraction in a small ball of x if (u', N') 

is small, hence the unique small (u, N) G A^') is given by the iteration 


(u,]V)= lim (^'„-^Ar')'‘(0,0). 

k—yoo 


(3.5) 


By ( |3.3[ ), we get 

(u, N) — '^~^{S{t)u±,Wait)N±) —>• 0 in x (t —>• ±oo). 

To show the scattering for {u,N), it suffices to show 

"^~^{S{t)u±,Wa{t)N±) —)• {S{t)u±,Wa(t)N±) in x (t —>• ±oo). (3.6) 

By the construction of inverse, we get 

iul{t),N^{t))^'l’-\S{t)u±,Wc.{t)N±) in X L"^) (n^oo). (3.7) 

where {u'^,N^) = ( 0 , 0 ), and for n = 1 , 2 , • • • , 

uj+i =Sit)u±+niN^,ul), 

=Wa,{t)N± + Dn{ul,ul). 


Thus, to show (3.6), it suffices to show for any n 

iul{t),N^{t)) ^ {Sit)u±,Wa{t)N±) in X {t ^ ±oo), (3.8) 

for which by induction on n and bilinear estimates it suffices to show 

{niNp^up), Di^iuF,UF)) ^ 0 X H’’ (t — ?> ±oo) (3-9) 

for all free solutions {uf,Nf) in x HK The density argument with the bilinear 
estimate allows us to restrict to the case uf(0), fVF’(O) S (^(^(M"^), then the above 
is almost obvious by the dispersive decay of S{t) and Wa{t) (we omit the details). 

For higher regularity (s,/) 7 ^ (1/2,0), we do not have smallness in x H\ so 
we should replace Lemma [2.3| with the following set of estimates 


< 


\n{N,u)\\H- 


\Dn{u, u)hl\\h'^ 


H‘\\u\\b^, ||fl(iV, u)||b„ < ll^l|Bivl|w||B„ 


< 


m U 


where the Besov spaces and are defined by 


TD _D-S —£ 

-^U •— -^p •) 


Bn ■= B. 


l — e 


l/p= 1 / 2 -e/4 


(3.10) 


(3.11) 


for some small e > 0 such that iL® x iJ* C B^ x by the sharp Sobolev embedding. 
(3.10) implies that '^u',n' is a contraction with respect to the equivalent norm 




+ r 


m\B^ 


\\{u,N)\\z:= IIuIItf- 
for 0 < 5 <C 1 , on the closed set 

F:={(u,iV)eiL^xijM|(u,iV)||z<l/<5, ||iV||B„ < 5, ||ub„ < <5^}, 

provided that 2{u',N') G F. Indeed, ( |3.10 ) yields for any {u,N) G F, 

\\{^1{N,u),D^{u,u))\\hs^h^<5\ ||L!(1V,u)||s„ 


(3.12) 


(3.13) 


(3.14) 
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hence Dil{u,u))\\z ^ and 'P„/_Ar'(u, iV) £ 

have from (3.10), for any {v,M) G x 


F. 


For the difference, we 


m{N,v),Dh{u,v)HL)\\Hs.H‘ < ||(n,iV)||i^.xi/<lkllB„ < S\\{v,M)\\z, 
m{M,u),Dn{v,u)HL)\\H^.H‘ < Wiv, M)\\hs,h4u\\b^ < Smv,M)\\z, (3.15) 
\\n{N,v) + n{M,u)\\B^ < ||lV||B„|kb„ + \\M\\bJu\\b^ < Smv,M)\\z. 


Since the scattering of 'i{u,N) implies |j'I'(u,iV)||B^xBjv —>■ 0 as t —>■ oo, choosing 
(5 > 0 small enough ensures that 2'I'(M,iV) G F for large t. Then {u,N) given by 
is the same as the fixed point in F. Since we can take i5 > 0 arbitrarily small, 
) implies that ||(m, A^) — ^'(m, iV)||^,xff‘ —>■ 0 as t —>■ oo, hence the scattering 
of {u,N) in X HK 

Since all the estimates are uniform and global in time, the same argument works 
for the final state problem, namely to find the solution for a prescribed (small) 
scattering data at t = oo. Thus we obtain 


( 331 

(3.14 


Proposition 3.1. Let {s,l) G satisfy (1.11), s < Z + 1 and {s,l) (1,0). 

Then there exists £i = ei(s, Z) > 0 such that for any {uo,No) G i?®(K'^) x i7^(M^) 
satisfying ||(Mo,-^o)||H''x£r' < there exists a unique global solution {u,N) G 
X of ( |1.9[ ). Moreover, there exists (M+,iV+) G iJ® x such that 

^Ihn ||■u(^) - S(t)u^\\H^ + ||iV(t) - Wait)N~^\\Hi = 0. (3.16) 

Conversely, for any {u'^,N^) G 1?® x F[^ with ||(u~'’, iV~'')||_f/>x£r‘ < there exists 
a unique solution {u,N) G X® x satisfying (3.16). Both the maps {uo,No) i—>■ 
{u,N) and (u+, A^+) !->■ ( u,N) are Lipschitz continuous from the Si-ball into AT® x 
Y‘. 


The uniqueness without the smallness is proved in the next section. For the 
question if {u, N) obtained above really solves the equation (1.9) before the normal 
form, see Remark 15.31 


4. Large data local well-posedness for s < Z + 1 

For large data, the proof in the previous section does not immediately work, 
in particular at the endpoint (s, Z) = (1/2,0). The main difficulty is the lack of 
flexibility in the choice of the Strichartz norm for the boundary term and the bilinear 
term [Nu)lh- More precisely, is the only choice among the Strichartz norms 

of Wa{t) for N, to estimate Ll{N,u) in L^Flf,, and to avoid losing regularity in 
{Nu)lh- For the former term, we can play with the frequency gap parameter K in 
the normal form to extract a small factor. For the latter term, we use the following 

Lemma 4.1. Lett) <T < go and N G C(\0,T)-, L'^{U.'^)). Suppose that Wa{—t)N{t) 
is strongly convergent in L'^ as t ^ T — 0. Then for any £ > 0, there exists a finite 
increasing sequence 0 = Tq < Ti < • • • < Tn+i = T such that 

\\N\\(L’rLl+F,Lt)(T,,T, + i) <£ ( 4 . 1 ) 

for each j = 0,... ,n. 

Note that the L^L'^ norm is not controlled by the Strichartz estimate for Waft), 
but it is bounded for nice initial data. The case T = oo will be used for large data 
scattering. For T < oo, the assumption on N is equivalent to N G C([0,r];L^). 
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Proof. Put N~^ := \imt^T-oWa{—t)N{t) G L^. By the strong convergence, there 
exists T' e (0,T) such that ||-/V(t) — VPa(t)-^^||L 2 < e/4. Since C 

is dense, there exists Ng € such that || A^q —< e/4. The dispersive decay 
of Wa{t) implies that Wa{t)No G L‘/L'^{R). Define N' by 

N\t):=P<kNit) { 0 <t<T'), N'{t)-.= W^{t)Ng[T'<t<T). (4.2) 


By the above choice of T' and A^o, we have ||A^ — Af'||L<»((T',T);L 2 ) < e/2. Since 
N G C([0,r'];L^) and [0,T'] is compact, N’{t) —> N{t) in uniformly on t G 
[0,r'] as fc —>• oo. Hence for large k we have ||A^ — N'\\i^ac(^[Q X']-Ll) < e/2. Hence 

l|iV-iV'|U=o([o.r);L^) <e/2, TV'e j.). ^4)^ 

Choosing Ti < T 2 < • • • < T„ appropriately ensures that ||Af'||L2j;^4(y^ < e/2 

for each j, then we get the desired estimate. □ 


Now we are ready to prove the local well-posedness for large data in PI 1/2 X L2. 
For any initial data {ug, Ng) G x L^, let 

Up ■■= S{t){ug -n{Ng,Ug)), Np := Wait){Ng - Dh{ug,Ug)), (4.4) 

and apply Lemma [TT] to Np. Then for any e > 0, there exists T > 0 such that 

ll“^’llL?By=(O.T) + W^Fh^Ll+L^.LtiO.T) < £■ (4.5) 

Putting PL := x Lf and m := ||(ui?(0), A^f( 0))|1«, we look for a unique local 
solution on (0,T) as a fixed point of the map ^uo,No in the closed set 

ll(w, A^)||_L“(o,T;W) < 2m, 'I 

ll^llL?By^(o,T) + < 2eJ 

From the multilinear estimates in Section we have 


K/^-.= {iu,N)GC{[0,T];n) 


|H(iV,iVn)||^,^i/. 

^4,/3 


<2-^k 


L“LH|W|li2B 


t -^4 
1 / 2 , 


(4.6) 


|DH(m,m)|| 


L?°Ll 


< 2-0^\ 


'LTH., 


1/2 , 


|DH(Aru,w)|| 


L]Ll 




and the same estimate on DPt{u, Nu), as well as for the difference. Taking K large 
makes these estimates contractive. For the remaining two terms, 

l|.0|^lBB+aL+Lc<llijL2 ^ Il^ll ^231/2 ) 

(4.7) 

||(ATu)LH + _y//+QL||^2^1/2^^1^y2 < C{K)\\N\\p^p2^^p2pAj\u\\^2^U2, 

which is also made contractive on the interval [0, T] by choosing e > 0 small enough 
such that C{K)e <C 1 after fixing K. Then becomes a contraction on Kf^. 

The uniqueness of solution in the class x is obtained in the same fashion: 
Let {uj,Nj) G X for j = 0,1 be two solutions. For any e > 0, applying 
Lemma 4.1 we can find T' G (0, T) such that for j = 0,1 


(4.8) 
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SO that both the solutions belong to on [0,r'], hence (uo,iVo) = {ui,Ni) as 
long as they are solutions in the above class. 

The continuous dependence is also obtained in the same way, because 

X ^2 g No) ^ (UF, Nf) e X Y° (4.9) 


is continuous. Take a strongly convergent sequence of initial data. If the smallness 
condition (4.51 is satisfied by the limit, then so is it by those sufficiently close to 
the limit. Then we can estimate the difference from the limit in the same way as 
above, leading to the strong continuity. 

We have worked out at the lowest regularity {s,l) = (1/2,0), but the same 
argument works as long as we have the small factor , namely for |s — ?| < 1. 
Thus we obtain 


Proposition 4.2. Let {s,l) G satisfy ( 1.11| ) and |s —< 1. For any {uo,No) G 
i?®(M^) X iJ*(K'^), there exists a unique local solution {u,N) G {X^ x y^)([0,T]) of 
(1.9) for some T > 0, where both T and {u,N) depend continuously on {uo,No). 
More precisely, if (uo,n,.^o,n) (uo,iVo) in x H\ then T„ —>■ T and for any 
0 <T' <T, we have ||u„ - ■u||x=([o,t']) + ll^n - •^^||yq[o,T']) -t 0. 


5. Persistence of regularity except for {s,l) = (1,0) 

Once we have the unique solution at the lowest regularity (s,Z) = (1/2,0), it 
gains as much regularity as the initial data. To prove this, we will focus on the 
derivation of a priori estimates, assuming that all relevant norms are finite, which 
is justified by the local well-posedness in higher regularity by Proposition |4.2[ 

For solutions {u,N) G x yO)([o^T)) with (it(0), A^(0)) G xW and 

0 < T < oo, we will improve the regularity up to x by the following steps. 

(1) Improve m to s < I + 1. 

(2) Improve TV to Z < 2s — 1, Z < s + 1, and (s, 1) 7^ (2,3), for s < Z + 1. 

(3) Improve u to 1 < s < 4Z + 1, s < 2Z + 11/8 and s < Z + 2. 

The persistence of regularity is a general phenomenon in nonlinear wave equations, 
but we encounter some difficulties. One is the same as in the previous section, 
which is solved by Lemma |4.1| Another difficulty for s > Z + 1 is that the normal 
form can not keep the full Strichartz norm of u, which is why we separate (3). 


5.1. Regularity upgrade for u in s < Z + 1. Let (s, Z) G satisfy (1.11) and 
s < Z + 1. Let (uq, Nq) G X and let (u, N) G (A^/^ x ^)) be a solution 

for some 0<r<0. If T = 00, we also assume that TV scatters in Lf^. From the 
estimates in Section we have for s < Z + 1, 

l(Xu)Fff+ffff+aLllL^B-^,^+L^II= < ^*1 (^) II ^11 +^2^4 || u|| ^ 25 . , 


in(x,u)lUrBs <Co2-^^ 

|0(O|u|^u)||il^= <Co2 


LTHi\\u\\LlBl. 


(5.1) 




\n{N,Nu)\\F^^Fi^^ ^ IITV||211^11^25., 


for some constants 0{s, Z) > 0, 00(5, Z) > 0 and Ci{K, s, 1) > 0. Note that Cq —>■ 00 
as (s, Z) —)■ (1,0) in the third and the last estimates, and the small factor is 
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lost for s = ^ + 1 in the third estimate. Anyway, taking K = K{s, 1) large ensures 
smallness of the right side in the latter 4 estimates: 


Cn2-^^ 




< 1 . 


(5.2) 
to 


After fixing such K, choose e > 0 such that Ci{K)£ 1, and apply Lemma 4.1 
TV, which yields a finite sequence 0 = Tq < Ti < • • • < r„+i = T such that 

ll^ll(LrLS+i?i^)(T,-.r,+i) <£• (5.3) 

Then on each subinterval we obtain from the above estimates 

\\u\\x-iTj,Tj + i) < C2\\u{Tj)\\H- + ||w||A»(r,-.T, + i)/2, (5.4) 

for some constant C 2 {s) > 0. Hence if it(0) S iL®, then by induction on j, we 
deduce that u € A®([0,T)). If T = 00 , this implies the scattering of u in iJ®, via 
the argument in Section]^ 

For continuous dependence on the initial data, consider a sequence of solutions 
{un,Nn) such that (un(0), Nn(0)) —>■ (u(0), N(0)) in iJ® x Jl‘, u„ —>■ u in 
and Nn N in Y^{I) for some interval I C [0,T). For large n, {un,Nn) satisfies 
similar bounds to (15.21) and (15.31) within /, with slightly bigger bounds. Then the 


same estimates as above for (it„ — u, 7V„ — iV) yield the convergence in (X® x T )(/). 


5.2. Regularity upgrade for iV in s < ^ + 1. Let (s, 1) G satisfy (|1.11[) and 


s < / + 1. Let (uo) A^o) G X H'' and let {u,N) G (X® x Y’- )([0,T)) for some 
0 < T < 00 and some I' G {s — 1, 1). From the estimates in Section]^ we have 


\D{\u\'^)HH+La+aL\\LlHl^ < C*! (AT) || w|| 323 , , 

\Dn{u,u)\\L^Hl - 

\DU{Nu,u)\\i^iHi + \\Di2{u, Nu)\\i^ifji < Co 


(5.5) 


LrH‘Jm\L2Bs, 


for some constants Co{s,l) > 0 and Ci{K,s,l) > 0, and the same for D(}{u,Nu). 
Choose e > 0 so small that CqE^ ^ 1. Since u G L^Bl{Q,T), there exists a finite 
sequence 0 = Tq < Ti < • • • < T„+i = T such that 


< e 


for each j. Then on each subinterval we have from the above estimates 


+ CiiK)e^ + Co\\ 


(5.6) 


(5.7) 


lL“H=(Tj,Tj + i)’ 


for some constant C2{1) > 0. Hence if X(0) G H\ then by induction on j, we 
deduce that N G L^H^(0,T). If T = oo, then we have the scattering of N from 
the argument in Section]^ We also obtain the Strichartz norm of N using (2.15) 
for the normal form. We can also upgrade continuous dependence, using the same 
estimates for the difference from the limit, see the previous subsection for more 
detail. Combining the results in this and the previous subsections yields 


Proposition 5.1. Let (s, 1) G 


(X^/^ X Y^)(I) be a solution of (1.9) on an interval I C 


satisfy (1.11) and s < 1 + 1. Let {u,N) G 

and suppose that 
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{u{to), N{to)) G X at some to G /. Then {u, N) G (X® x Y^){I) and 

moreover, 

N € (5.8) 

If I D (to,oo), then {u, N) scatters in x as t ^ oo. If {un{to), Nn{to)) —> 
{u(to), N(to)) in iJ® X i/* and the corresponding sequence of solutions {un,Nn) —>■ 
{u,N) in (X^/^ X Y^){J) on some interval to G J C /, then the convergence holds 
in (X® X Y^){J). The same convergence result holds for the scattering data, if 
I D J D (ti, oo) for some ti < oo. 


5.3. Regularity upgrade for m in s > / + 1. Let {s,l) G satisfy s > t + 1. 
Then I > 0 and s > 1. Let {uo,No) G TT^ x H’' and let {u, N) G (X® x y*)([0,T)) 
for some 0 < T < oo and some s' G (1, s). In this case, the normal form estimate 
is not good enough to keep the full Strichartz bound of u. Hence we decompose 

u = u' + n{N,u), 

{idt - A)u' = {Nu)lh- + n{aD\u\'^, u) + fI(X, Nu), ^ ^ 

where LH • • • := LH + HH + aL for brevity, and look for closed estimates in 
u' G X®, M G X' := L'fHI, n 
N G n B := n 

where 1/gi := 1/2 — 7 / 3 , for some 7 G [0, 3/4] satisfying 

7 + 1 < s, 21 Y 7/2 + 1 > s. 


(5.10) 

(5.11) 


Such 7 exists if and only if 1 < s < 4Z + 1 and s < 2Z + 11/8. Also note that 


X® C L 


2/(1-7)^s 


'4/(1+7) 


C L 


2/(1-7) roo 


(5.12) 


since 7 + 1 < s. Similarly, I^J^B is a wave-Strichartz norm in iL*, cf. (5.8 1 . 

We write {Nu)lh... = {Nu')lh .. + {N^{N,u))lh.. 

Section]^ we have for fc > 2, 


From the estimates in 


\\P>kft{N,u)\\L^H- 


Ci{K)\\N\\l^li+l^L‘^\\u'\\l^by 

<Co2-^^\\u\\l,^y4uUrHs, 

S < Co\\Nyk-l\\LYH‘J\u\\LYHg, 


(5.13) 


for some constants Co(s, 1) > 0, 9{s) > 0 and Ci{K, s, 1) > 0. We need some more 
estimates. Since C we have for k > 2, 


|lP>fen(X,u)||^ 2 /(i-^)^^ < Co||X>fe_i||ioo^^||u||^ 2 /(i-^)^„. (5.14) 

It remains to estimate n(X, Nu), (XH(X, u))lh- - If S C then for k ^ (loga), 
||P>fcH(X,Xu)||5,+2 < ||X>fc_i|l^,||Xu|U4 < ||X>fc_i||^, ||X||B||n|U=o, 
||P>fc(XH(X,zi))i^...||^,+2<||X|!B||X>fc_;,_3||^<||«|U~. ^ ^ 

4/3 ^ 

li B (fi L'^ but I > 57 / 6 , then putting 

1/(72 := 1/gi -{1- 57/6)/4 = 1/2 - 7/8 - l/A, l/gg := 1/2 + l/gz, (5.16) 
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we have 6 C D D B[+^, and 


4/3 


Q3 


so 


\Pykm,Nu)\\Bi^^ < \\N^k-i\\Hi\\Nu\\L.. < ||iV>fe_i||^, ||/V||g||^||^^„, 


\\P>k{Nn{N,u))LH-\\B-^^ < 
If I < 57 / 6 , then using 




Bl/z 3 D 1/94 := 1/2 + 1 /gi = 1 - 7/3, 


we have 


^ 4/3 


||P>,.(/Vr!(/V,w))i44...||BJ^3 ^ \\N\\BmN,u)>k-K-2\\H‘^^ 


< 


B\\N>k-K-3\\H‘\\u\\L^ ■ 


(5.17) 

(5.18) 

(5.19) 


For the other term, putting a := 67/6 — I > 0 and /3 := l/{l + a) £ (0,1), we have 
the complex interpolation 


[H\B-'^]p = Bl C [77/ , 

where I /95 := (1 — /3)/2 + fi/qi and l/ge := I /94 — I/ 95 , whereas 

||P>fcO(iV,iVu)||B =^3 ^ \\P>kn{N,Nu)\\gi-.^. 

< \\N>k-i\\B‘-4Nuh.. < \\N^k-ih‘-4N\\BoJuh^. 

hQ hQ 

Hence by the interpolation inequality, 

||H(/V,/Vu)||b |^3 ^ \\N>k-i\\UN\\]^‘^\\NMu\\L^. 
Therefore, in any case we have some /3{l,j) G (0,1] such that 


^t-^4/3 


\\PykiNn{N,u))LH-\\L^Bl^^ < C2\\N^k-K-3\\L^ Hi\\N\\^ 2 /-, jg\\u\\x>: 
for some constant C 2 (s, 1) > 0. Choose K ^ 1 so large that Co2“^^||u"^ 


and then choose e > 0 so small and k ^ K so large that 
Ci{K)e + C'o||/V>fc_i||i~ 44 i^ ^ 1, 
C2\\N:^k-K-3fB^H^ 


1-/3 

LrHi 


lV^B ^ 1 - 


Applying Lemma [4T| we obtain a finite sequence 0 = Tq < Ti < 


(5.20) 

(5.21) 

(5.22) 

(5.23) 

< 1 , 

(5.24) 

< 2n+l = T 


L^Bl'^ 


(5.25) 


such that (5.3) holds. Then from the above estimates on each subinterval, 
lk>fcllx7T,-,Tj+i) < C'3l|w'('r4)llB'= + <^l|w'||x»(T3,Tj + i) + ^Ikllx^Tj-.T. + i), 

\\^{N,u)>k\\x>(Tj,Tj + i) ^ ^u\\x>{Tj,Tj + i), 

for some small constant <5 > 0, while the frequencies < k are bounded by 
Using u = u' + il{N, u) and A® C A', and adding the low frequencies, we obtain 

\W\\x‘’(Tj,Tj + i) + l|f^(VM)||x'(T3,T3 + i) 

< 2(73IIm'(Tj) 11/4= +2 ^^® ^^^^lkllxi/2(Tj,T/ + i)- 
By induction on j starting from ||it'(0)||//= < 00 , we thus obtain 

l|w||x'(o,T) ^ ||m'||x=(o.t) + ||^2(A,m)IIx'(o.t) < 00 . (5.27) 

If T = 00 , then u is scattering by the argument in Section Thus we have obtained 


(5.26) 
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Proposition 5.2. Let (s, 1) € 

X y°)(/) he a solution of (1.9) on an interval I C 

X 


^ satisfy (1.11) and s > Z + 1. Let {u,N) G 

and suppose that 


(ufto), N(to)) € X at some to G I- Then we have u— Ll{N,u) € 

as well as (5.8), and for all 7 S [0,3/4] satisfying ( 5.11| ), 

u e C(/; H^) n Lni; K) n L^). (5.28) 

We also have scattering and continuous dependence similar to Proposition\5.1\ but 


in the above space (5.28). 


It is easy to replace with using u' e X’^ and (5.14). 


5.4. Lipschitz continuity of the solution map. Here we consider local Lipschitz 
continuity of the flow map. In the above arguments, the Lipschitz dependence is 
lost only when we seek time intervals with smallness, typically by Lemma |4.1| If 
{uq,Nq) G X with s > 1/2 and I > 0, however, it is easy to see that (4.5) 


holds locally uniformly with respect to the initial data, because we can first dispose 
of the high frequencies using the higher regularity, and then the remaining low 
frequencies by Sobolev in x and Holder in t. 


Similarly, the regularity upgrading argument in Section 5.1 works uniformly if 


I > 0 and T < oo, because of (5.3), so does the argument in Section 5.2 for s > 1/2, 
I < min(2s — 1, s + 1), and T < oo, because of (5.6), as well as that in Section 5.3 
for I > 0, s < min(2Z + 11/8,/ + 2), and T < oo, because of (5.24) and (5.3). 

Thus we obtain Lipschitz continuity of the flow map, locally both in time and in 
the initial data, for all the exponents (s, /) in the range and off the boundary. Since 
we need to decrease I for the uniform control in (5.24), 7 in (5.10) can not be on 
the boundary, namely 2/ + 7/2 + 1 > s, for the local Lipschitz estimate. 

The Lipschitz continuity global in time and for the scattering is more tricky, 

is not bounded by the Strichartz estimate 


because the L^L‘^ 


norm in Lemma 


4.1 


for the wave equation. For small data, we can obtain Lipschitz estimates directly 
from the contraction mapping argument, but then the smallness on H^/'^ x Lf 
depends on (s, /), which tends to 0 as (s, /) approaches s = 4/ + 1, (2, 3) or ( 00 , 00 ). 
The regularity upgrading for N in Section |5.2| works well for T = 00 , because in 


(5.6) the number of subintervals can be uniformly bounded for each e > 0, provided 
that ||u||j;, 2 ^s is uniformly bounded. This yields a smallness condition in the form 

\\{uo,No)\\h^/2xL2 <£ 2 ( 3 , 1 ), (5.29) 


where £ 2 ( 3 , /) > 0 is non-decreasing in I, for global Lipschitz continuity in iL® x HK 


Remark 5.3. Strictly speaking, we need to prove that the solution to (2.5) obtained 
above is also a solution of the equation (1.9) before the normal form. The easiest 
way is to use for existence of solutions for smooth approximating initial data, 
taking the limit by the continuous dependence proved above. To be self-contained, 
however, we can directly show that smooth solutions of (2.5) solve (1.9). In fact, 
if (u, N) G (X® X F®)(/) with s 3> 1 is a solution of (2.5) on some interval /, then 
by definition of H and H, ( |2.5| ) reads 

eq^ := (idt -f D'^)u - Nu = -n(eqN, u) - n{N, equ), 

£Qn '■= (idt + ctD)N — aD\u\^ = —DLt(equ, u) — DLL(u, equ)- 


Since equ,eqM G 0(1', ^) and Ll,DLl : (iJ® ^)^ —>• iJ® ^ has a small factor due 

to K, we deduce that equ = 0 = egjv on / if iL is large enough. 
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6. Small data scattering in the energy space 


For {s,l) = (1,0), the failure of Strichartz bound on the normal form ^l{N,u) 
cannot be compensated by regularity of N, and so there seems no way to close 
the estimates as above for {s,l) = (1,0). Instead, we invoke the conservation laws 
with the weak compactness argument. This type of argument usually yields a 
weak result, typically without uniqueness. We can however obtain the strong well- 
posedness for small data as in Theorem |l.l[ thanks to that both in the larger space 
(s,0) with s < 1 and in the smaller space (1,0 with I > 0. 

Assume {uo,No) e x L^. By Proposition 3.1 there is Sq := £i(l/2,0) <C 1 


such that if ||(uo, Ao)||i/i/ 2 xL 2 < £o then there is a unique global solution (it, N) in 
j^i /2 X satisfying 


II ('*^)-^)llxi/2xY0 ^ C'£o ^ 1 . 


Proposition 


5.1 


implies that {u, N) G x for all s € [1/2,1). 
Fix a sequence {(uo.n, A^o,n)} C 5(IR^) such that ( up.n, A^p.n) 


X and || (mo,„, A^p,„)|i jji/ 2 xl 2 < £p. By Proposition 


3.1 


unique global solution {un,Nn) satisfying ( |6.1[ ) and for all 1/2 < s < 1, 

sup |1 (m„, Ar„)||x.xY 0 < oo- 

n 

Now we claim a uniform bound at the energy level: 

sup||(m„(0, A^n(t))ll H^xL^ < 00. 

n^t 


( 6 . 1 ) 

(ito,A^p) in 
for each n, there is a 

( 6 . 2 ) 


(6.3) 


By Proposition 5.1 we have (m„, N^) G X® xP® for all n, by which we can justify the 


conservation law Ez{un{t), Nn{t)) = ifz(Ro,n, Xo^„). Using (6.11 for together 
with the Sobolev inequality ||u||l4 < ||Vu||l 2 yields 


Ez{Un,Nn) = (1 - 0(£o))||Vm„ 


\\Nn\\ll2, 


(6.4) 


which, combined with the lower regularity bound (6.2), implies (6.3). 

Next we prove convergence u„(t) -G u{t) in EL^. as n —)■ oo, locally uniformly in K. 
Take any convergent sequence —>■ too • From Propositions |3.1| and |5.H we know 


that Un{tn) —>■ u{too) in for s < 1, and Nnitn) -G N{tao) in L®. From ( |6.3| ), we 
have {un{tn)}n is bounded in i// C thus we get rt(too) G Un{tn) —> u{too) 
weakly in and |Mn(tn)P —>■ |w(too)P weakly in L®. Since X„(t„) —)• N{too) 
strongly in L®, we have J X„(t„)|it„(t„)|®(ia: —>■ J N{tao)\u{tac,)\‘^dx, and so. 


Ez{u{too),N{tao)) < \imM Ez{Un{tn),Nn{tn)) 

n—^oo 


= li-miniEziuo^n, No^ri) = Ez{uo,No). 


(6.5) 


By the time reversibility we get Ez{u{tao), N[tao)) = Ez{uo,No). Indeed, if there 
is a tp S K such that Ez{u{to), N{to j) < Ez{uo, Nq), then we solve the Zakharov 
system with initial data (u(tp),X(tp)) at t = tp. By the uniqueness we get a 
contradiction. Then the equality in (6.5) implies ||VM„(t„)||i 2 -g || VM(too)||L 2 , from 
which we conclude that Un{tn) —>■ u(too) strongly in Fl/, and so the locally uniform 
convergence —>■ m in Thus we obtain the unique global solution 

{u,N) G {C D L°°)(R; x L®). Note that the smoothness of the approximate 
solutions (m„, Nn) was used only to ensure the unique existence and the conservation 
law. Now that we have them for the solutions in the energy space, we can apply the 
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above argument to a sequence of initial data in x which implies continuous 
dependence of the initial data, locally uniformly in time. 

By Propositions 3.1 and 5.1 (rt, N) scatters to some {u^, 7V+) in x for all 
s < 1. Since u{t) G L°°(R; H^)\ we have S{—t)u{t) —)■ u'^ weakly in as t —)■ +oo. 

Since |u(t)p is bounded in C while N{t) is vanishing in as t —>■ oo 

due to the scattering in C B^^, we have 


N{t)\u{t)\'^dx ^ 0 (t —>■+oo), 


( 6 . 6 ) 


and so 


|lVu+||2 + \\N+\\l/2<\immi\\VS{-t)uml + \\W^(.-t)Nit)\\l /2 

t—>- + oo 

= liminf ||Vm(<)|^ + \\N{t)\\l/2 

t—>- + oo 


= liminfii;z(u(t),iV(t)) = Ez{uo,No). 


To prove the equality above, we consider the final state problem. Following the 



Ez{u{t),N{t)) < \imM Ez{un{t), Nnit)) = liminf || VM+I 2 + \\N^\\l/2 


= \\yu+\l + \\N+\\l/2. 

Hence we get 

hm Ez{u{t),N{t)) = ||Vw+||2 + ||iV+||2/2 

>-+oo 

and so, S{—t)u{t) —>■ strongly in namely the scattering in Hi. 

To show the continuity of the solution map in Hi), it remains to prove 

Un{tn) — uitn) —>■ 0 in Hi in the case —>■ oo, for a sequence of solutions (u„, Nn) 
in the energy space such that (u„(0),iV„(0)) {u{0),N{0)) in H^ x Since 

S{—t)u{t) —)• M+ in Hi, it is equivalent to showing S'(——)• in Hi. We 
already know the H^ convergence for s < 1 as well as the weak convergence in Hi. 
Then the strong convergence is equivalent to ||M„(t„)||//i —>■ HM+H^fi. Since 


\\Nn{tn)\\B-^ < + II|| 0, (6.7) 

we have / A^„(t„)|u„(t„)p(ia; — )■ 0, and so, as n —>■ oo, 

||Vu„(t „)||2 + ||fVn(t„)||2/2 = Ez{Un(tn),Nn{tn)) + o(l) 

= Sz(u„(0), A^„(0)) + o(l) = Ez{u{Q), iV(0)) + o(l) (6.8) 

= ||Vu+||2 + ||fV+||2/2 + o(l). 


Since ||itn(^r !,)||2 —t IK ''’||2 and ||lVn(t „)||2 —t ||.^'''|| 2 , the above implies the strong 
convergence of S'(—t„)M„(t„) in Hi, and thus —>■ m in L“(M; Hi). This completes 
the proof of Theorem o in the case (s, 1 ) = (1, 0). 
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7. Ill-posedness at (s, 1) = (2,3) 

In this section, we prove Theorem |1.3| The main point is that the multilinear 
estimates fail only for the boundary quadratic term coming from the initial data. 
Exploiting the dispersive smoothing, we can prove that the other terms are more 
regular if the initial data is localized in space. 


Proof of Theorem [H First of all, for any initial data {uo,Nq) G x we 
have a unique local solution for (s,Z) in ( 1.11| sati sfyin g s < 2 and I < 3, say 


(u, N) e X y^)([0,T]), by Propositions 4.2 and 5.1 In the Duhamel formula 
(2.4), the first term on the right is obviously in The integral terms are 

regular thanks to the high regularity. Indeed, 


\^\'^\‘HH+aL+La\\Llm ^ 




\\Dn{Nu,u)\\Lim 


< 


(7.1) 


and the same for D^l{u, Nu). To bound Dn{u,u) in Hf., we use local smoothing 
for u, assuming that 

uo e = {/ : d°‘f e for |a| < 2}. (7.2) 

Then S{t)uQ G C{{0,oo); B^) for all p > 2 by the dispersive decay estimate for 
S{t). Moreover, in the Duhamel formula (2.3) of u, the terms except for {Nu)lh--- 
easily gain better regularity by 

||D(iV,u)|U3<||iV||^2||u||^2, 

||D(D|up,u)||ri^3 < \\ u \\ l <^ h ^\\ u \\ 12 b 2 , 


(7.3) 


\\n{N,Nu)h2st 


< 


4/3 




The remaining term is bounded in C'([0,T];i?|) by 


\J S{t-s){Nu)LH-ds\\Bi< J \t- 


|2/3 


\\{Nu) 


LH- 


\Bi^,ds 


(7.4) 


< 


|t- s|2/3||iV(s)||i6||M(s)|l//2ds. 


Gathering the above estimates, we obtain u G C'((0, T]; n i?|). Since i?| C L° 


\\Dil{u,u)\\H3 < ||u||// 2 ||u||s 2 , 

and plugging this into the above estimates for N, we deduce that 
N -WUt)Dniuo,uo) G C((0,T];H3)^ 


(7.5) 


(7.6) 


if uq G n IT^’^(K^). Hence it suffices to find such a ug that D(1{uo, uq) ^ Hf.. It 
is constructed in the next Lemma [!3 Then N{t) ^ Hi for all 0 < t < T, namely 
the instant exit or the latter part of the theorem. 

Thanks to the high regularity, it is easy to translate it to non-existence. Indeed, 
if {u,N) G L^((0,T);i7^ x H^) then from the equation without the normal form. 


Nu G LIhI uG CtHl n LIbI D\u\^ G L\lI 


N G CtLl. (7.7) 


In particular, {u,N) belongs to the uniqueness class at {s,l) = (1/2,0). Hence it 
should be identical with the exiting solution obtained above, satisfying N{t) ^ 
for all t 0, contradicting N G Ll{{{),T)\Hl). □ 
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It remains to prove the failure of the bilinear estimate: 

Lemma 7.1. There is a radial u G satisfying DTt{u, u) ^ 

This failure of bilinear estimate comes from that is not an algebra, but 

we should be careful about cancellation in the nonlinearity. In fact, the proof below 
implies that Dfl(u, u) is bounded in for real-valued or purely imaginary u G . 


Proof. Modulo a bounded operator, the symbol of Dft can be approximated 

__ g a{2^ ■ rj ± a\^\) 

le-^P-bPTaiei 1^1 lei(ie-^P-bPTaiei) 

in the XL frequency, while in the LX frequency, 

_^ -g a{2f- (C-??)±q|C|) 

|^_^|2_|^|2^g|^| 1^1 + |^|(|^_^|2_|^|2^„|^|)> 

where the second terms are 0(|^|“^(Lory)) for |^| >> I, and so bounded x H'^ —>• 
for high frequency. Hence it suffices to construct u G n IT^’^ such that 
suppu(^) = 0 for 1^1 < I and 

(uu)hl - {uu)lh ^ (7.10) 

Indeed, this is necessary and sufficient for DLt{u,u) ^ under the condition of 
suppu. Note that the left side is simply zero if u(IR^) C K or iu{R'^) C K. The 
remaining is the anti-symmetric part, which can be expanded by pntting u = v + iw 

{uu)hl - {uu)lh = 2i[{wv)HL - {wv)lh]- (7.11) 


Now it is easy to avoid the cancellation considering the form 

^ ^ = 51 = V3(2^a^), (712) 

3>J 3>J 

where J logg, {a}, { 6 } C [0,oo), and (/? G iS(M^;M) is a non-zero real-valued 
radial function satisfying 

0<(^<1, supp(^c{||C|-l|<l}. (7.13) 

Put c := 7>(0) > 0. Injecting the above ansatz expands the bilinear form 

j-K 

{vw)hl - {vw)lh = EE {ojbk - akbj)ipj(pk. (7.14) 

j>Jk>J 

Since P{(pjtpk) is supported around |^| = 2-1, 

||(7TT)|1^2 ~ || 2 ^'i {ojbk — akbj)Lpjg}k\\'2. (7.15) 

]>J k<]-K 

Imposing a support condition on {a}, {5} 

suppansupp& = 0, (7.16) 


we can decouple the above as 


7.14)11 




E + E E bjakg^jifkWl- 

j>J k<j-K j>J k<j-K 


(7.17) 
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/ ® J < j is even 


bj = 


(7.18) 


By rescaling x 2 ^x, and using i^(2^ ^x) = c + 0(|2^ ■’x|), the norm is 
approximated by 

l|2^^ ajbWj^Pkhl = hj^Pix) bk^(2'‘~^x)\\Li 

k<j-K k<j-K 

>c\aj\\\ip\\Li Y, bk - C\\ajXLp{x)\\Li Y, bk2'"~^■ 

k<j-K k<j-K 

Fix 9 G (1/2, 3/4) and let 

1 J < j is odd 
0 otherwise. 


(7.19) 


(7.20) 


I 0 otherwise, 

Then for j > K + J, 

Y bkr^{j-Ky-<^, Y bu2^-^<2-^, 

k<j-K k<j-K 

and so 

lirailg^ > - C'2-^||r"ll^^0>J) = oo, (7.21) 

since —9 < —1/2 < 1 — 29. Also we have 

^ \\J~^h^U>J) < oo, ||u||ri/ 2 ,i < ||2“^-^j“®||^iQ->j) < oo. 

Thus we have obtained a desired example u G n 


(7.22) 

□ 
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